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The present analysis refers to steady, barotropic, and inviscid flows of rarefied gas plasmas,
both as free jet and within a cylindrical channel, with superimposed electric current, under the
influence of an axisymmetric external magnetic field. The non-dimensionalized equations of
magnetogasdynamics are linearized by expanding the unknown functions in double power series
in terms of the magnetic force number and the magnetic Reynolds number, both assumed smaller
than one. For Hall parameters sufficiently small compared to one and slightly curved magnetic
lines of force, closed form solutions for the electric current density, as well as plasma velocity and
mass density are derived and discussed. Increases in the axial velocity component are achieved
more efficiently by using free jet rather than channel flow.

1. Introduction

The study of axisymmetric plasma flow — both
as free jet and within a channel — under the in-
fluence of an appropriately chosen external (or
imposed) magnetic field is of particular interest for
developing magnetoplasmadynamic (MPD) acceler-
ators and propulsion devices. This subject has re-
ceived considerable attention by several authors1-5
who investigated various aspects of it with similar
assumptions and methods as done in the present
paper. Here, we aim at developing — within the
framework of continuum theory — an analytic
procedure to yield three-dimensional (axisymmetric)
closed form solutions, allowing for Hall effect as
well as for an axially superimposed electric current.
For this, we use a very simple expression for the
imposed magnetic induction and a classical lineari-
zation method as already employed by different
authorsé—8. Dimensional magnitudes are marked
by a roof ~.

2. Definition of the Problem

The steady, inviscid, and barotropic flow of a
diffuse arc plasma between two equipotential planes,
a distance L apart, under the influence of an imposed
axisymmetric magnetic induction B is to be
analyzed, taking into account the Hall effect which
is assumed to be small. Free jet and channel flow
are dealt with together, R being the radius of the
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unperturbed free jet or of the circular tube, respec-
tively (Fig. 1).

Fig. 1. Geometric configuration for free jet (a) and channel
(b) flow.

Besides the potential difference V, there are also
given the initial velocity ©%0{0, 0, #2°}, #2° = const,
and the constant mass density 9 at the entrance
section £ = 0 (Fig. 1). For free jet flow, 9% is as-
sumed to equal the ambient neutral gas density.
Since there shall not exist an impressed pressure
gradient, all acceleration effects are due only to the
Lorentz-force. Our main objective is to determine
the electric current density j as well as the plasma
velocity © and its mass density ¢ within the bounded
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region 0 <7 < R,0 < 2 < L. For free jet flow, the
deformed jet boundary 7, is also required (Fig. 1a).
All material coefficients are assumed constant.
In the generalized Ohm’s law, ion-slip and electron
gas partial pressure gradient are being neglected.

3. Fundamental Equations

The magnetogasdynamic equations (referred to a
fixed frame) — for the MKSA-system of units and
in one-fluid description — which govern the steady
and barotropic flow of an inviscid plasma read as
follows 9, 10:

V'or=0, (1)
o V)o=—Vp(dp/dg) +jx B=—a2vy
+jxB, 2)
VxBiu=j, (3)
V-B=0, (4)
B=B" | Bi, (5)
VXE=0, (6)
j=6(E+oxB)—(y/Bo)(jxB). (7)
Herein are:

p = p(p) gas pressure,

a speed of sound,

B magnetic induction,

B imposed and induced parts thereof, respectively,

I magnetic permeability,

E electric field,

o scalar electrical conductivity,

p Hall parameter,

By = |E°°(0, 0,0)| reference value of the magnetic
induction.

In order to non-dimensionalize the fundamental
equations (1)—(7) we introduce, in addition to By,
the following reference values taken at the entrance
section Z = 0: for lengths the radius R, for velo-
cities and mass density the given values #2° and %0,
respectively, for the electric field the expression
By = 1320 By, and 6oEo for the electric current
density.

The fundamental equations in non-dimensional
form then read:

Voov=0, (8)
o(v-V)v=—(1/M%) Vo + SRu(jx B), (9)
VX Bi = Rpnj, (10)
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V-B=0, (11)
B = B  Bi (12)
VXE=0, (13)
J=E+4+vXxXB—y(jxB). (14)

In addition to the Hall parameter y the following
dimensionless ratios appear herein:

free stream Mach number: M = #2°/4 = 1/a, (15)
(16)
magnetic Reynolds number: Ry = po R4Y. (17)

magnetic force number: S = By2/u 000 #2°2,

Next, we transform Ohm’s law (14) by elimina-
ting10 j on the right-hand side of (14) and expres-
sing — because of Eq. (13) — the electric field E in
terms of the electric potential @ as E= — V@;
this yields:

JA+92B2)=—VO+vXx B+ yp(VD—vxB)
X B—y2(V®-B)B. (18)

The 14 unknown variables g, v, Bi, B, j, and @ are
uniquely defined by 14 equations: (8)—(12) and
(18) — counting componentwise.

The imposed magnetic induction shall be given
as follows:

B0 = {22z, 0, (20 — 2)/20} - (19)

This expression obviously represents — as required
— an axisymmetric, solenoidal, and irrotational
field. Furthermore, it proves to be well suited for
dealing with analytical problems. Depending on the
choice of the dimensionless constant zp, a variety
of magnetic field configurations may be simulated
within a properly chosen bounded region10. In the
following, it will be assumed that

|20 >L>1, L=L|R. (20)

Within the bounded region of interest 0 < r < 1,
0 <z < L, the imposed induction B will then be
represented by a field of only slightly curved lines
of force, similar to the one originated by a half-coil.
This field diverges or converges in the (streamwise)
positive z-direction for positive or negative values
of zg, respectively. For zg = + oo, it degenerates
into the homogeneous, purely axial field of the
semi-infinite coil.

The above introduced parameters are supposed
to satisfy the following inequalities:

S<1, Rn<l,
pr<Ll.

(21)
(22)
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No assumptions regarding M are necessary at this
time.

Because of (19), (20), and (21) the following order
of magnitude estimate holds:

0(|B|)=0(|B®|) < 1. (23)

Therefore and on account of (22), the term 2 B2
on the left-hand side of Eq. (18) may be neglected
relative to one.

4. Solution of the Problem

4.1. Linearization of the Fundamental Equations

In order to linearize the non-dimensional funda-
mental equations given in 3., the unknown variables
are expanded in double power series in terms of the
parameters Ry and S what is symbolically re-
presented by:

U= U% 4 Ry, U1 + 8 U104 R2 {001

+ Ry S U010 1 §2 100 4 ...
with: (24)
U=9,v,B,j®.

Substituting the expansions (24) into the fundamen-
tal equations, and subsequently equating the co-
efficients of like powers of Ry and S, one obtains
linear equations for determining the expansion
coefficients or “perturbations’ 10,

The purely gasdynamic solution for the unper-
turbed ground state (i.e. without MPD-interactions,
Ry =S =0)is given by:

v=1%0={0,0,1},

g=g%=1. e

Perturbed solutions differing therefrom are obtained
only if the Lorentz-force term in the momentum
Eq. (9) is taken into consideration. This requires
considering at least terms up to the order Ry S in
(24). Such (first-order) perturbation analysis in v
and ¢ then yields the following:

0l = () = pl0 001 =0 = 10,
001 = () = 100 001 = 0 = 100 (26)
vEE=U=E0T, T =EUV=07,
V- (0010 4 5010 400) — (27)

(090 - V) 2010 - (1/M2) V o010 = jOO ¢ B0 (28)

Thus, according to Eqs. (27) and (28), only the
imposed magnetic induction B% and the ground
state value of the electric current density, jo0, are
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required for determining the first-order perturba-
tions ©010 and 010, j00 follows from Ohm’s law for
the ground state obtained by inserting (22) and (24)
into (18):

JOO = — V.00 - 3,00 3¢ BOO | 4)(V h00 — 1,00 3 BOO)
X B00 — 12(V @00 . B00) B0O (29)

4.2. Electric Current Density

First of all, the ground state electric potential,
@00, is calculated by substituting (29) into the
equation

V.jo=0 (30)

which is a consequence of (10) and (24). Taking into
account that B0 is irrotational, we obtain the

following elliptic-type differential equation for @00
10.

AP0 - 12 BOO - [V (V P00 - BO0)] — 'f’zi g; (BY0)2 .
(31)

Substituting herein B0 by its value (19) and neglect-
ing terms of the order 2 or smaller in relation to
unity, Eq. (31) yields:

AP = —(p/202) (20 — 2) [1 + p (r D), — D)1 . (32)

[Here and in the following we use the abbreviation
Wzy for 02W/ox dy.]

The existence of two equipotential planes at z=0
and z = L, respectively, is being expressed, without
loss of generality, by the following boundary
conditions:

D0(r,0,0)=0, DO(r,0,L)=V; 0<r =1, (33)

with V = V/(Eo R).

For physical reasons, the radial component of the
electric current density, j°°, must vanish on the axis
r = 0 and for r = 1, i.e. on the undeformed free jet
boundary or at the channel wall, respectively. This
leads, with (19), (22), (25), and (29) to the following
remaining boundary conditions:

@?,0 0,0,2) =0, @?,0(1, 0,2) = (34)
— v g 1+ y®P(1,6,2)], 0=z < L.

The derivatives of the dependent variable @% on
the right-hand side of (32) and (34)2 are multiplied
by the Hall parameter y which in (22) was assumed
much smaller than one. These derivatives may thus
be represented as follows:

PR =VIL+0(y); PL=0(y), (35)
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which may be confirmed afterwards. Since terms of ADy = (p[202) (1 —yp V|L) (z — 29), (37)
the order y2 will be neglected relative to one, the

accuracy requirements adopted here suggest sub- Dy(r,0)=0, @i(r,L)=0, (38)
stituting in (32) and (34); @7 by V/L and to omit - 9
(Dl,z altogether. For the resulting Poisson’s equation Pur(0,2) =0, )
for @90 we seek solutions of the form D1ir(1,2) = (y/225) (1 + 3 V/L) (z — 20);

DO (r,2) = Dy (r,2) + D2 (r,2). (36) and

(The azimuthal angle 0 is omitted now since we are 49> =0, 0)
dealing with an a?(isymmetric p?oblem.) @, and D; Gs(r,00 =0, Do(r,L)="V, (41)
are defined to satisfy the following boundary value

problems: D311 (0,2) =0, Dyr(1,2)=0. (42)

In order to solve the boundary value problem for @;, the right-hand side of Eq. (37) is expanded in terms
of the eigenfunctions sin y7z/L, » = 1, 2, ..., to yield:

S s P

wherein :

P,=(— 1L+ [(—1)#—1]lz0, u=1,2,.... (44)

Assuming a solution @ (r, z) exists, we now attempt to determine its Fourier coefficients
@r(r) = j Dy (r,2) sin =7 zdz (45)

in terms of the orthogonal and complete system of functions sin vzz/L, v = 1,2, .... To this end, we
multiply Eq. (37) by the eigenfunction sin »7rz/L and integrate termwise over the fundamental domain
which gives:

Ot~

wL V\ Py
(QIIrr Sl ¢1|r + Qllzz) sin —— Zdz zoz (1 = 1/)2‘) i (46)

Integrating by parts and using (45) and (38), one obtains the following inhomogeneous Bessel’s equation
for the Fourier coefficients10:

A0+ a0 —(T) e =T (l-vg) 5 =12 )

Inverting relation (45) and using the Fourier coefficients ¢,(r) — to be determined from Eq. (47) — leads
to the following solution of Poisson’s Eq. (37) fulfilling the boundary conditions (39):

D19 = is S (1 +vp) Bamity — (1= v 7)o sin = ()

Iy and I; are the modified Bessel functions of order 0 and 1, respectively.

For the function @3 = @3 (z) one obtains: Dy(z) = Vz/L. (49)

Inserting (36), (48), and (49) into Ohm’s law (29), yields the components of the ground state electric
current density, including terms of order y2, within the range 0 =r <1,0 =2 < L:

00 Y1+ V/) 1 « Py Ii(unr/L) .7 }

= {‘2‘ =200 =% 270 L) S S 20)
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7"’ 2z0(1+wL)+2nzo ;
Py Ii(pmr/L)

14 203

+ v (z — 20)
I

__ Vv 5 ¥VL) s ¥
)z = i3 +4ZO27 T 2 (20— 2) B »

For vanishing Hall effect (y = 0), the ground
state electric current density is given by

joo= {0,722, — V|L}. (53)

According to (29), the azimuthal component hereof
stems from the 0-component of the vector product
290 % B0 and vanishes if B = 0. In this latter
case (z9 = o0), only the imposed homogeneous axial
current — V/L prevails, even for a finite Hall
parameter.

Using (52), the total electric current for the
ground state is found to be

1
: 14 W
J00=27Zj7207‘d7'=—ﬂ<f—8702). (54)
0
The additional current zy/82¢2 — due to the Hall

effect and independent of the potential difference
V — has its origin in the term — 3 (200 x B00) x B00

The differential Eq. (57) for the azimuthal component v
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Pu [To(pnr/L) 2L r
n {Il(m/m un}COS L*
nw (51)
p Li(ua/D) L%
To(unr/L) V\ 2L TE:
(v z) Romimy (1= v L) aa feos'e

of Ohm’s law (29), so that its flow direction is given
by the vector v%0. This additional current vanishes
for p = 0, but also for finite values of y if the im-
posed magnetic field degenerates into the purely
axial and homogeneous one described by zyp = oo.

4.3. Solution of the Equations of Motion

Having determined j%, we now proceed to solve
the coupled system consisting of the linearized first-
order equations of continuity (27) and momentum
(28) which in component notation read:

@‘9|19 (1/r) 01o+1,010_|_901o (55)
ole + (1/M2) off® = j3° BY (56)
vole = 73° B — j° BY, (57)
vils + (1/M2) of;° = — j° BY . (58)

910 is integrated directly, taking into account (19),

(50), and (52), as well as the initial condition +9'°(r, 0) = 0, to yield:

V/L

i L4
7,(;10(7', 2) = — rz + 8203 riz =+ 6203 T[(Z - 20)3 + Z(3)]

220

v +yV/[)L Z—-P“— r
72 23 u2 Iy (u m/L)
7%, 4

L 1%
[,t;;smTer(

Because of its derivation, the first-order azimuthal
velocity perturbation, v3!%, is the same for free jet
and channel flow. Unlike the other perturbations —
to be determined later on — it does not depend on
the free stream Mach number M, a result already
pointed out by Hasimoro 711, »91° vanishes on the
axis r = 0, in keeping with obvious symmetry re-
quirements. For vanishing Hall effect (y = 0), a
finite potential difference V causes the plasma to
rotate. If on the other hand ¥ = 0, plasma rotation
is maintained as long as the Hall parameter y
differs from zero. Plasma rotation will cease only in

z)cost—zo]}

(59)

(L —y V/L) L2

+
\ <

L

73 23

P
r z 2osin 7 5,
u3
"

case the imposed magnetic induction degenerates
into a homogeneous, axial field.

To determine the remaining perturbations 21,
010, and 010 the system of first-order Egs. (55),
(56), (58) may be uncoupled to yield a single second-
order differential equation for anyone of these three
unknowns. If for that purpose we choose the density
perturbation, 0010, for free jet flow, and the radial
component of the perturbation velocity, »21°, for
channel flow the corresponding boundary conditions
will have a particularly simple form.
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4.3.1. Free jet flow
Integrating Eq. (58) subject to the conditions

W19(r,0) =0, (60)
0%10(r,0) =0, (61)
one obtains:
W10y, 2) = — (1/M2) g010(r, 2) fyoo BXd:. (62)
Substituting (62) into (55) gives:
1 1
v(r)ltg_*_ 24010 4 G010 (1 ]ﬁ) =jPBY.  (63)

Differentiating Eq. (63) with respect to z and
Eq. (56) with respect to r, and then subtracting
yields, because of V x B0 =0:

i+ 7 ol — (2 — 1)t

— Mz { B0 + %9, B — %0, BO|. (64)
This linear second-order partial differential equation
is hyperbolic, elliptic, or parabolic, depending on
whether the difference M — 1 is positive, negative,
or equal to zero, respectively.

Integrating Eq. (56) subject to condition

W019(r,0) =0, (65)

we obtain for the radial component of the perturba-
tion velocity :

010
v o (r,2) =

f[? B — (1/M?) ;1AL (66)
This completes, in principle, the determination of
perturbation velocity and density.

Next to (66), we find the deformed jet boundary,
rw(2). Within our linear approximation, we obtain

using relations (24)—(26):
(&)= (e (¥ 5w
dZw_ Vz Jr=1 1+RmSv2“‘ r=1
= RmS(101%),1 .

Because of r,(0) = 1, this gives:
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On account of assumptions (20), (22), and (23), the
azimuthal component of the ground state electric
current density reduces to

80 =(r2z0) (1 +y V/L). (68)

Using (19), the right-hand side of Eq. (64) — ab-
breviated by @/r — then reads:

Q _ gpltvViL

r 202

(0 —2). (69)
In addition to (61), the following boundary condi-
tion holds:

0010(1,2) =0, (70)

which because of our linear approximation refers
again to the undeformed cylindrical jet boundary
where the plasma pressure is assumed to equal the
ambient gas pressure.

The solution of differential Eq. (64) will be re-
presented by superposition of its eigenfunctions,
namely the Bessel functions of zeroth order Jo(4,7),

with the equation
JO(ZM) =0 B

p=12,... (71)

defining the non-zero eigenvalues.
Expanding Q/r in terms of these eigenfunctions,
one obtains10:

e

r

=2 M2

149y Jo(4» 1)
zoi —2) Z

o Wity (12

J1(A») being the first-order Bessel function for the
eigenvalues 1, as defined by Eq. (71).

Assuming a solution 010(r, z) exists, we now
determine its Fourier coefficients

i

2
it | AT Toun dr - (73)
0

2 (2) =
in terms of the orthogonal and complete system of
functions Jo(Aur), u=1,2,.... To this end, we
multiply Eq. (64) by Jo(4xr), and integrate term-
wise over the fundamental domain. Using relations
(70)—(73), this gives the following inhomogeneous
differential equation for the Fourier coefficients:

1+9V/L 1

rw(z) =1+ RmS j'vflo(l,{) d¢. (67)
0
Au? M2
()+M2__1X,u() M22_1

A A dulhe) P03 (74)

The character of function X, (z) is determined by the positive or negative value of the denominator M2 —1,
characterizing supersonic or subsonic flow, respectively. Since no boundary condition at z = L is available,
Eq. (64) will not admit, in general, convergent solutions in the elliptic case (M << 1). Also, in the parabolic
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case (M = 1), the linearized problem has no physically meaningful solutions. Starting from (74) and (73),
and taking into account condition (61), in the hyperbolic case (M > 1) we obtain the density perturbation

2 M2

010 ki
g BT

. Dy
,2) = ;{c,‘sm R —

wherein 6 =)/M2—1.

1+yV/L

0_z+ %“vz zocosl ]}Jo(lu") (75)

The constants of integration c, can only be calculated after having determined the remaining perturbations.
Substituting (19), (68), and (75) into (66) and (62), respectively, we obtain the radial and axial compo-

nents of the perturbation velocity as follows:

Au
11.210( ,~)_Lt-‘:v0;/£rz(220—2 —}—z{'jizcusm TZ
2(1 + y V/L) 1 2 200 . Ay 262 e
— MR ey e T~ e G s g5 hhn), 76)
W10 (r, 2) — 1‘112 Q010 (r, 2) — 1 +42102V/ 2 (77) Differentiating Eq. (83) with respect to r and Eq.(84)

Eqgs. (56) and (58) are satisfied by solutions (75) to
(77) for arbitrary values of the constants c,. These
latter are determined, therefore, by substituting
(75)—(77) into Eq. (55) which — because of condi-
tion (65) — reads at z =0:

212(r, 0) + @)°(r,0) =0. (78)

Substituting (77) into (78) yields the following
second initial condition for the density perturbation:
M1 +y V/L) ,

a2 —

ol (r,0) = o

(79)

Using (75) and (79), the constants of integration

are:

M2(1+y V/L) 1 — (4/42)
26 22 A2 Iy (Ru)

Cu = == 102, s
(80)
4.3.2. Channel flow
The above conditions (60), (61), and (65) remain
valid here. Instead of (70), though, we have to
consider now the boundary conditions

£21900,2) =0, o01%1,2)=0. (81)
Solving Eq. (62) for 9010, gives:
z
0010 (r, z) = — M2000(r,z) — M2 [ BYd(. (82)
0

Substituting (82) into Egs. (55) and (56), respectively,
yields:

1 5 ;
ofi? 4+ o0 — (M2 — 1) o} = M253° B, (83)
010 010

o0 — o2l =P BO + ja°B°°dc (84)

multiplied by 1 — M2 with respect to z, and adding,
gives12:
vrlrr + (1) ool — (1 /rz)v"10 — (e
= joir BY 4 j3° BY,
— (M2 — 1) (j§f, BY® + j3° BY,) .
Eq. (85) is hyperbolic, elliptic, or parabolic, depend-

ing on whether the difference M — 1 is positive,
negative, or equal to zero, respectively.

By analogy to the procedure in Sect. 4.3.1, the
right-hand side of Eq. (85) — abbreviated by P/r —
reduces to

010
—1) Vr|zz

(85)

Lo B, (86)

r 2202

Differential Eq. (85) is solved by superposition of its
eigenfunctions which are the Bessel functions of
first order J; (4,7), where the equation

Jid)=0, »=1,2... (87)

defines the non-zero eigenvalues.
Expanding P/r in terms of these eigenfunctions,
gives:

P M1+ yV/L) < Jildsr)
T 20° Z Avdo(h)

(88)

Assuming the existence of a solution v21%(r, z), we
have to determine its Fourier coefficients
1
2
V(&) = [ E j- WO(r,2) rJi(Asr)dr  (89)
0

in terms of the orthogonal and complete system of
functions J; (A7), » =1, 2, .... By making use of
the orthogonality relations for Bessel functions as
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well as of (81) and (87), we find:
M2 14yV/L 1
M1z hdo(h)
(90)

A2
()+ M2 11/)7(2)

Again, as in Sect. 4.3.1, we only have to consider
the supersonic case (M > 1). Using the correspond-
ing solution of differential Eq. (90), and definition
(89), as well as the initial condition (65), the follow-
ing representation is obtained for the radial
component of the perturbation velocity :

2M2(1 4+ p V/L) <« Ji(Ar7)

v?“’ (r,2) = 202 2 430 ()
- lsin2 }‘,” O, si ﬁ 91
sin §62+ ySIN-g-2 0. (91)
Substituting (19), (68), (91) into Eq. (83), and

integrating gives 12:

M2(1 +y V/L) 2z Jo(Ay 7)
vglo(r,z) T2z {_‘ -+ 2 T2 Jdo(Ay)

z 6 . )w Ay
9 — oz S5 z 4 - l C,sm 28 ” (92)

(82) together with (19) and (68) yield finally for the
density perturbation:
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M+ VL)

9010 (r,2) = 4292

— M20210(r, 2) —
(93)

For determining the constants C., we refer to
Eq. (84) which, at z = 0, and using (19), (68), and

(60), supplies the following second initial condition
for 4240

1+9V L
W00, 0) = H LY (94)
(91) substituted into (94), then gives:
Co=— (020/2M2)),. wv=1,2,.... (95)

4.4. Subsonic Flow

The initial conditions referring to z = 0 used so
far, lead to convergent solutions for the perturba-
tions 9010, 2010, and 010 only in case of supersonic
flow. Convergent solutions for the elliptic problem
(M < 1) are possible only if for the variable in
question a boundary condition at z = L is available,
instead of the second initial condition at z = 0. Of
some practical interest might conceivably be the
case of subsonic channel flow with the additional
boundary condition

W10 (r, L) = 0. (96)

To uniquely solve the system of Eqs. (55), (56), (58) for this case, one of conditions (60), (61) must be
dispensed with, maintaining though condition (65). Dropping (61), one obtains in a similar fashion as in

Sect. 4.3.2 the following results:

010y, 2) — %Tg;ﬂ/f'_) L{;%Z) :;::((;:2//227;) “(L—2), (97)

s AT P B

Q10(r,2) = — M20(r,)  OEPVID [rlezd) IR ’}is*%ﬁf) tanh 35}, (99)
wherein y = |/1 — M2, and 1, are the zeros of Bessel function Ji. At z =0, (99) yields the following
initial distribution of the density perturbation differing from (61):

BRI e T N ) o

5. Discussion of the Results

Plasma velocity and density for both free jet and
channel flow are obtained by substituting (25), (26),
and the perturbations as calculated in Sect. 4.3
to 4.4 into (24), according to the following scheme:

v={0,0,1} + Ry S{%19, 910,010} | (101)

0=1+ RpS o010, (102)

The discussion will be conducted in two stages.
To begin with, those conclusions are to be discussed
that may be drawn without a numerical evaluation
of the closed form solutions obtained in Sect. 4.3 to
4.4. And these conclusions are seen to be valid for
both free jet and channel flow. The radial compo-
nent of the flow velocity, v,, vanishes on the axis,
r = 0, as required because of the axial symmetry
of the problem. For a homogeneous, axially directed
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imposed magnetic field (zo = oo), the perturbations
0210, 4010 and 010 vanish identically because in
this case the azimuthal component of the ground
state electric current density, j3°, is equal to zero
too. Because of using approximation (68) for ;%
where the Hall parameter y and the imposed electric
field magnitude V/L appear only within the typical
combination 1 4 o (V/L), the same holds true, of
course, for the perturbations #0210, 4010, and 010,
Consequently, for vanishing Hall effect (p = 0),
these perturbations do not depend — even for finite
values of zp — on the potential difference V, but
only on the imposed induction B%. On the other
hand, the above perturbations may be influenced
by Hall parameter variations only if a finite po-
tential difference is maintained between entrance
and exit sections.

For the second stage of the discussion, further
information is obtained by a numerical evaluation
of the previous results. In accordance with our as-
sumptions (20) and (22), the characteristic constants
have been chosen as follows:

p=002; V=10; L= 10;

zo= + 100, — 100 for the slightly diverging or
converging imposed magnetic
induction, respectively.

First, we examine the electric current density and
the azimuthal component of the perturbation velo-
city. These results refer likewise to free jet and
channel flow, and are valid for both supersonic and
subsonic conditions. Everywhere, the numerical
values for the radial component of the electric
current density, j°, are found to be smaller by
several orders of magnitude than the remaining
variables. For all practical purposes, j%° may thus
be assumed to vanish identically. The Hall effect
gives rise to an additional axial component of the
electric current density: j% + V/L which, in our
approximation, is practically independent of the
coordinates r and z. The azimuthal component j°,
as given by (68), is a linear function of r, and in-
dependent of z. The azimuthal component of the
perturbation velocity, v'°, is practically linear in r
and z, vanishing on the axis, r = 0, and at the
entrance section, z = 0. The direction of plasma
rotation changes with the sign of V.

The remaining perturbations are different for jet
and channel flow, as well as for supersonic and
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subsonic conditions 10,12 asillustrated in Figs.2 —12.
Figs. 2 and 3 show the local variations of the
axial component of the perturbation velocity, 910,
for a slightly diverging imposed magnetic field in
case of free jet and channel flow, respectively. The
axial velocity increases in both cases have their
absolute maxima — larger for free jet than for
channel flow — on the symmetry axis. But, whereas
in the former case, v210 is positive practically every-
where, a considerable deceleration takes place in the
layers adjacent to a channel wall (r = 1,0).
Figs. 4 and 5 illustrate the local variations of v91°
under the same conditions as before, but for a
slightly converging magnetic induction field. With
the exception of the free jet boundary region where
an insignificant deceleration persists in any case,
the v210-curves for zp = — 100 are obtained ap-
proximately from those for zg = + 100 by means
of reflexion with respect to the abscissa.

Fig. 6 is to show the contour deformations for the
free jet case just considered (Ar = r,, — 1). The jet
expands in the divergent B00-field and contracts if
the applied field converges (‘“magnetic nozzle”).
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Fig. 6. Free jet contour deformations in diverging and
converging magnetic fields for M = /5.

According to (77) and (93), the density perturba-
tion for both free jet and channel flow in the super-
sonic case is given by the same expression

0010(r, z) = — M200%(r,2) — M2 %jﬂ r2z

(103)

In general, we may neglect herein — on account of
assumptions (20) and (22) — the second term on the



510

right-hand side of (103) relative to the first one.
Therefore, the density perturbation may be ob-
tained in good approximation by reflecting the
v210.curves in the abscissa and stretching them by

a scale factor M2. This is illustrated by comparing
Figs. 3 and 7.
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Fig. 7. Channel flow density perturbation in a diverging
magnetic field for M = /5.

0 ,01

The perturbations 1910, ¢91°, and 010 are nearly
periodical in z-direction. An approximate value for
the corresponding “wave length” /A may be cal-
culated by ignoring all but the first-order terms in
the series expansions in (75), (76), and (91), (92),
respectively. This yields:

A 2V —1

r=t, (104)

wherein 1 = 2,4048 for tree jet flow, and
4 = 3,8313 for channel flow

are the first zeros of the Bessel functions J¢ and Ji,
respectively. Consequently, the “waviness” of the
perturbations and of the free jet contour will dis-
appear over the entire length L if the free stream
Mach number M satisfies the inequality

M > (22 L2[a%) + 1. (105)

For the free jet case — with M = 8 —, this is
illustrated in Fig. 8 for v1%, and in Fig. 9 for the
expanding and contracting jet contours, all curves
being essentially monotonous over the entire length
L. Fig. 10, representing v919(z) for different values

of M, also shows clearly the increase of /1 with the
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Fig. 8. Axial component of free jet perturbation velocity
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Fig. 9. Free jet contour deformations in diverging and
converging magnetic fields for M = 8.

free stream Mach number, in case of channel flow
under the influence of a diverging B0-field.

In Fig. 11, we again consider channel flow, illus-
trating the local variations of v910 for M = 13, the
imposed magnetic induction now being slightly
converging in z-direction (z9 = — 100). It is there-
fore the outer layers of the plasma which are being
accelerated here, the inner ones being slowed down.
This effect might possibly be utilized in the case of
viscous flows of ionized gases to partially compen-
sate for boundary layer effects. In Fig. 12 we com-
pare the effectiveness of plasma acceleration by
means of an applied slightly divergent magnetic
field for free jet and channel flow. This is done by
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plotting the values of 01 taken at the center of the
exit section (r = 0, z = L) as a function of the free
stream Mach number M. Higher acceleration rates
result for free jet flow. This is explained by the fact
that the cross section available for the supersonic
free jet is — due to its expansion in the diverging

B00.field — larger than for constant-area channel
flow.

It may be shown that the free jet problem admits
no physically meaningful solutions for the subsonic
case, unless a constraint on g010(r, L) is formulated
which seems impossible, though, from a physical



512

point of view. On the other hand, in Sect. 4.4 we
found a subsonic solution for channel flow by adopt-
ing boundary condition (96). But this latter con-
straint yielded the rather unrealistic density per-
turbation (100) at z = 0. According to (98), v91°
depends only on the square of the characteristic
induction constant zg. Therefore, the axial velocity
distribution is the same for both diverging and
converging B00.fields. A numerical evaluation of
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